
(Osets a n d Lagrange's T h e o r e m

(Sect ion 2 . 5 )

Q : (order o f subgroups) Let 6 be a

g roup , H E 6 . Does IHL have

any connec t ion t o 161? I n particular

w h a t c a n
w e s a y i f 101 Lcs?



Definit ion: ( l e f t / r i gh t cosets) Le t 6

-

b e a group, H E G . We

define t h e s e t o f a l l l e f t cose ts

o f I t t o b e

{ x H I xEG} where

x H = { x y I YEH} . Similarly,

the r i g h t c o s e t s o f I t
,

{ A x I x e o 3 ,
i s

comprised o f a l l

H x = { y x / yett} .



Observations: 1 ) I f 6 i s a b e l i a n , then

× H = H x H X t G , i e ,

l e f t cosets a r e r i g h t c o s e t s .

2 ) I t 0 6 i f and o n l y i f

x H = H x h t X E G .



Example 1 : L e t G e Da = t h e symmetries

o f a s q u a r e .

Du:{R" J " I 0 4 h 1 3 , mean}

and

R4=e

j 2 = e

JR=R3j

Let H E G ,

It-- ( J ) = { e , J 3 .



T h e n w e l i s t a l l l e f t c o s e t s o f

I t :

1 ) e H = { e , J 3 = I t

2 1 J H = { J e , 553=55,e3=
I t

3 ) R H = {D ie , R.J3={R, RJ}

=
4 ) R2H={Me,

2 .53 : {R , E j }

5 )
R3H={R3.gr?
J3=lR3,p-3j3-
6)JRH=EJRe,pIf.J3=EJR,
R33=fr35-33=r3H



7 ) JR2H={JR?e, JR?J)

= 5¥13-NH
8) jR3H = { J r ? e , Jr? J }

= {523, R }

= h t t

T h e s e a r e a l l t h e l e f t c o s e t s o f I t .



Proposition: (equivalences) Le t 6 be a

group, H E 6 . T h e following

conditions a r e equiva lent f o r

× , y e 6 :

1 ) x e y I t

2 ) yExH

3 ) x H = y H
*

*

4 ) y-'× E H

5 ) X-'ye H

proof'. I ⇒ 2

i f x E y H , F E E H

x = g z .



T h e n mult ip ly ing o n t h e

r i g h t by I t ,

X I ' = y , s o

y e x I t

since H e b ⇒ I ' c- H .

2=71 s a m e proof, in te rchange

× a n d y .

2=73 s h o w x H = y H

s i n c e I € 7 2 , w e m a y

a s s u m e e i t h e r o n e . L e t

T E X H . T h e n I W E H ,

t = x w



f rom 1 ) , F 2- E H ,

X = y z ,
s o

t = ( g z ) .w : y
- (z-w)EyH

since A E G ⇒ E -WEH .

T h i s shows × H E y H i f

yExH ( E x E y H ) .

T h e re ve r s e containment i s

s im i l a r.

3 = 7 4 w e k n o w x H = y H

T h e n s ince e c- I t ,

⇒ t .



B u t x H = y H , s o F 2- EH ,

x = g z

⇒ y' 'x=Z E H

4=75 I f g-
'
' × EH , F S E H ,

5. ' x : S .

T h e n

* 'y = @'x5's 5'EH

since H e b .

5 ⇒ I suppose X-'ye H . T h e n

I q E I t ,

x . ' y=q ⇒

× q = y ⇒ x=yE'EyH
D



Proposition: L e t 6 be a g ro u p , H E 6 .

T h e n i f x , y E G ,

1 ) Either x H = y H o r

x H n y H = ¢

2 ) x H f- 0 V x c- G

and V x H = G
.

X E G

proof'. 1 ) suppose × H a y H F 0.

w e w a n t t o s h ow x H = y H .

Ta k e Z E x H n y H .

T h e n I s i t E H



2- = x s

z = y t .

T h e n

× s = z = y t , s o

X s = y t ,

× = yt5" (multiply by 5 '
o n the r i g h t )

⇒ x E y H

since H E 6 ⇒ t5' E H .

B u t t h i s i s 1 ) i n t h e

previous proposition, s o according

t o the equivalence 1 ) € 7 3 )
,

x H = y H i



2 ) since H E G , H #01 .

I n particular, E E H ,
s o

x ¥ ⇒ x H f ¢ .

T h e statement regarding un i ons

i s then t r iv ia l .

I



theorem: (Lagrange) L e t 6 b e a group,

H E 6 , and a s s u m e 161 L o s .

Then IHL divides 161.

proof: w e k n o w from t h e previous

proposition t h a t i t x , y t G ,

X H = y H o r a t n yH=¢ .

T h e n u s i n g t h e second part o f

t h e proposition,

G = U x H = x , Huxattu.-out

X E G

w h e r e x i H n x j H=¢

i f i t j
,
f o r some N E I N .



T h e n 6 : I x i t t .

i : L

However, t h e m a p

(ZEH)
Z ↳ x z

establishes a bijection f rom

I t t o x H H x E G .

T h e nlxu.lt/=lH/-
VltiEn .

T h e n 101=1 D x i H I
i : c

= n / H I

⇒ I H I d iv ides 161 A


